COMPUTATIONS IN RATIONAL SECTIONAL CATEGORY 



J.G. CARRASQUEL VERA 



Abstract. We give a simple upper bound for the rational sectional category 
and use it to compute invariants of the type of Farber's topological complexity 
of rational spaces. We also show that the sectional category of formal mor- 
phisms reaches its cohomological lower bound and that the higher topological 
complexity of a formal space is determined by its Lusternik-Schnirclmann cat- 
egory and its topological complexity. 



1. Introduction 

This paper concerns the rational sectional category of a continuous map / : X — > 
Y and in particular the rational topological complexity of a space X. All the spaces 
considered will be supposed simply connected with finite Bctti numbers. 

Recall that the sectional category of /, secat(f), is the least integer k for which 
there is an open cover {Uq, . . .Uk} of Y and maps s$ : Ui — > X such that / o Si is 
homotopic to the inclusion of Ui in Y. When A" is a point, the sectional category 
of / is the usual Lusternik-Schnirelmann category of Y . [1] 

Denote by H*(X; R) the cohomology ring of X with coefficients in a ring R. It 
is well known ([]]) that 

secat(f) > nil Ker(p*), 
where nil denotes the nilpotence of an ideal, 

nil I = max {k : 3x\ . . . Xk € / with x\ ■ ■ ■ Xk ^ 0} . 

Denote Xq the rationalization of X and /o : Xq Yq the rationalization of /, 
our main result is an upper bound for secat(f ). Let (A, d) — > (£?, d) be a surjective 
model of /o ([!]) with kernel K. Then, we prove the following which generalizes [6j 
Prop. 1.3], 

Theorem 1.1. Let m be the minimum k such that the quotient map 

admits a homotopy retraction, then m > secat(fo). 

We can use this result for computations of the higher topological complexity of 
a space X, TC n (X). For recall TC n (X) = secat(A n ) where A n : X — >■ X n is the 
n— diagonal map. In [2], Farber proves that 

cat(X) < TC(X) < 2cat(X). 
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Corollary 1.2. If X is a formal space, then 

TC n (X ) = nil Ker(A* : H*(X n :Q) -> H*(X;Q)) . 

Corollary 1.3. If ir q {X) is a finite group for all q except for a finite number of 
odd integers qi, . . . , q r , then TC n (Xo) = (n — l)cat(Xo). 

Corollary 1.4. Let X be a formal space, then for n > 3 

TCn{X ) = TC(Xo) + (n - 2)cat(X ). 

2. Sectional category, topological complexity and rational 

homotopy. 

Sectional category was first defined by A.S. Schwarz in [5]. A good exposition 
can be found in pQ, section 9.3. 

Definition 2.1. Let / : X — >• Y be a map. The sectional category of /, secat(f), 
is the least integer k for which there is an open cover {Uq, ■ ■ ■ , Uk} of Y and maps 
Si : Ui — > X, such that p o Sj is homotopic to the inclusion of Ui in Y. 

The topological complexity of X is the sectional category of the map p : X^ 0,1 ] — > 
X x X, p(uj) = (cj(0), w(l)). This is the same as the sectional category of the diag- 
onal map of X. This notion has been introduced by M. Farber in [2] and explicit 
computations can be found in [B] and [7], for instance. 

Denote Xq the rationalization of X and /o : Xq — > Yq the rationalization of /. 
Then (pQ) secat(fo) < secat(f), and in particular TC(X ) < TC{X). 

Every simply connected space X with finite Betti numbers has a (Sullivan) min- 
imal model (AV, d). This is a commutative differential graded algebra (CDGA for 
short), where XV denotes the free graded commutative algebra on a graded vector 
space V and where d(V) C A- 2 V, see [4j. Moreover, each morphism of CDGA 
(p : (A, d) — > (B, d) admits a minimal relative model 




{A ® AV, d) 

where i is the canonical injection, tp o i — ip, 

d{V) c (A+ ® AV") + (A ® A^ 2 V) , 
and tp is a quasi-isomorphism. 

Now we transform i into a surjective map 

h: (^A® AV ® AV - , D~) (A ® AV", d) 
in a standard way by putting 

V™ = K" -1 , D(V") = 0, D(v) = v, h(a) = a, = u and h(v) = 
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Suppose / : X — > Y is a cofibration. Denote by T m+1 (f) the fat wedge of /, 
T m+1 (f) = {(y , ...,y m ): Vi S f(X) for at least one 1} C Y m+ \ 
and by ft : (AV,d)® m+1 ->■ (AZ,d) a model for the injection T m+1 (f) ^ Y m+1 . 

Definition 2.2. Secato(f) is the smallest m for which there exists a CDGA 
morphism p : (AZ, d) — > (AV, d) such that p o ft ~ p m +\, 

(AV,d) 




(AZ, d) 

Where p m +\ denotes the multiplication map. 
Then, 

Theorem 2.3 ([3 , Chap. 8). Secat (f) = Secat(f ). 

From this Theorem, Fasso-Velenik in [3! deduces the following more explicit 
characterisation 

Theorem 2.4 (\S\, chap. 8). Let J : (AV,d) -> (AV ®AW,d) be a relative Sulli- 
van model for f and h : (AV (g) AW <g> AW, D) -> (AV <g> AW, d) be the standard 
surjective extension of f . The secat(fo) is the smallest m such that the morphism 

(AV ® AW ® AW 
(AV,d) — > ' 



0™+* Ker h 



admits a homotopy retraction. 



3. Homotopy retractions and another characterization of secat(f ) 

Definition 3.1. Let / : A — > B be a CDGA morphism. A homotopy retraction 
for / is a morphism r : (A® AV, D) — > A such that r o i = IdA where i : A ^ 
(A ® AV, D) is a relative Sullivan model for /. 

Lemma 3.2. Consider the following commutative CDGA diagram. 

A *B 

C *-D 

9 

Then there exists a homotopy retraction for f if and only if there exists one for 

9- 

Proof. Take (A ® AV, D) a relative Sullivan model for / and define (C <g> AV, D) = 
C ® A [A (g> AV", D). The diagram 
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■A®AV- 



po tp®Id 

C <8 AV ■ 



B 



D 



tells us that C ® AV is a relative Sullivan model for g (see [4j Pg. 183] for 
details). Observe that the quasi- isomorphism C ® AV ^—t D is given by pushout's 
universal property. 

Suppose there exists a homotopy retraction r\ for /. Then 



r 2 = Id® A ri : C ®a (A <g> AV) -^C <£>aA 



is a homotopy retraction for g. Now if exists, the relative lifting lemma ([4j Pg 
186]) gives birth to T\ as follows: 



A- 



id 



A®AV- 



c. 



□ 
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If (3 admits homotopy retraction, so does a. 

Proof. Take relative Sullivan models for a and j3. We have the following commu- 
tative diagram 





(A ® AF, D) 



(B <g> AW, D) 



The lifting lemma ([IJ Pg. 186]) gives a map h 

f 



A- 



{A ® AV, D) 



B<- 



h _ - - 



(B ® AW, D) 



making commutative the diagram 



.4- 



3 



(A ® AV, £>) 



(-B ® AW, D) . 



Write r : {B ® AW D) ^ B a, homotopy retraction for /?. The desired homotopy 
retraction s : (A (g> AV) —> A for a is given by the lifting lemma in 



Ua 



^A 



(A <g> AV", L>) 



(B (8 AW D) 



B. 



□ 



Now let / : A — > B be a CDGA morphism. We consider the diagram 
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(A <g> AV <g> AV, D) 




(A eg) AV, D) 



where 

(i) 9 : (A (g> Ay, D) £> is a minimal relative Sullivan model for / and h its 
standard surjective replacement, 

(ii) i and j are standard inclusions. 

Lemma 3.4. Every differential ideal M of (^A® AV (g> AV, D^j , that is free as 
A-module, M — A® W, is a semifree A-module. 

Proof. For each r, define 

W(r):=W<l (A p V<Z>AVy. 

q+2p<r 



Since D ^ (a p V ® AV^j ^ C (a^V <g> AV") ?+ , D(W(r j) C W(r - 1) and, thus 
{^4 ® iy(r)} is a semifree filtration for A ® W. Z 



Proposition 3.5. With previous notation, secat(fo) is the smallest m for which 
the map 



Pm+1 ■ A 



l +1 (^A ® AV ® Af 



®^ +1 tfer(/i) 
admits a homotopy retraction. 

Proof. Let fc : (AZ, d) (A, d) be a minimal model for (A, d) and (AZ ® AW, D) 
be a minimal relative model for f ok : {AZ, d) — > (£?, e?). 

Then (A ® AVK, D) := (A, d) ®az (AZ AW, D) is a minimal relative model for 
/ : (A, d) — > (B, d). Since the minimal relative model is unique up to isomorphism, 
we can suppose V = W. 

Consider the following diagram where (A ® AV, D) := A ®az {AZ (g> AV, D) and 
where the top and bottom triangles are the standard surjective decompositions for 
f and j, 
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ktgild 



A AV <g> AF, d 



»- (j4 ® Ay £>) . 

By Lemma 13.41 Ker(h) is A-semifree and Ker(h') is AZ-semifree. The five 
lemma guarantees a quasi-isomorphism Ker(h') -— » Ker(h) which induces (induc- 
tion and [H Th. 6.7 ii)]) a quasi-isomorphism %™ z Ker{h!) ^^Keriji). Again, 
the five lemma gives rise to quasi-isomorphisms 



KZ 



j(AZ®AV®AV) 
®t z Ker(h') 



Lemma l3.2l tells us that p' m admits homotopy retraction if and only if p m admits 
homotopy retraction, but Theorem 12.41 tells us that secato(f) is the least m for 
which p' m+ i admits a homotopy retraction. □ 

4. Upper bound for secat 

Lemma 4.1. Let f : A — > B be a surjective CDGA morphism. For each [a] G 
ker(iJ(/)) there exists a' G A such that a — da' G ker(/). 

Proof. Let [a] G kcr(iJ(/)), this means that da = and f(a) = db for certain 
b G B. Since / is surjective, there is a' G A such that /(a') = b. So = /(a) — db = 
f(a) — df(a') = f(a — da') and thus a — da' G ker(/). 

□ 

Lemma 4.2. Let f : A — > B be a surjective CDGA morphism such that H(f) is 
also surjective. Then there is a minimal relative model for f , 9 : {A® AV, D) B 
such that 

D(V) C (K <g> 1) © (A ® A+V) , 
where K denotes the kernel of f. 

Proof. Since is surjective, we define V- fc and 

fe : (A (g> AV- fc , L>) — > (B,d) 
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by induction on k with the following properties 

(i) H^ k+1 (9 k ) is injective, 

(ii) D(V^ k ) C (K g> 1) (A © A+F <fc ) , 
(hi) fe (V^ fe ) = 0. 

Suppose we have constructed 9k, we will construct 9k+i inductively. Write 
V k+1 = (B r > W r and define 6 k , r ■ (A® AV^ k ®W< r , D) — > (B,d) with the 
following properties 

(a) If [u] G Ker H k+2 (9 k , r - X ) then [u] = in (A © AV^ k © W< r ,D), 

(b) L>(V^ fe © VF< r ) C (if 01)® (A©A+(F^ fe ©W< r )), 

(c) fc , r O^ fe ©W< r ) = O. 

Suppose 9k, r has been defined. From (c) we deduce that Ker 6k, r = (if © 
1) © (A® A+lv^ ffi%)). Now let {[f a ]} aer be a basis for Ker H k+2 {9 Kr ). 
By the previous lemma, there exists ip a G (A © AV<k © AW< r ) such that £ Q — 
D(ip a ) G Ker 9k, r - Define W r +\ with basis {w a } aeT and extend 9k, r and D by 
#fc ir +i(w Q ) = and D(w a ) = £ Q — D(ip a ). Note that the minimality of the model 
is assured by degree reasons since deg(£ a ) = k + 2 and V-* © VF< r is concentrated 
in degrees smaller than or equal to k + 1. □ 

Now let / : A — > B be any surjective CDGA morphism with kernel K . For 
each class [u a ] G coker H(f), we choose an element a Q G A with /(a Q ) = it Q and 
we introduce a new generator v a with deg(v a ) = deg{u a ). We put Z = {w Q } and 
extend / to 

ff : (A© AZ,D) — > (B,d) 
by g{v a ) = u a and L>(v Q ) = 0. 

Then g is a surjective CDGA morphism such that H (g) is also surjective. We 
apply Lemma 14.21 and deduce: 



Lemma 4.3. Let f : A — > _B fee a surjective CDGA morphism. Then with the 
notation above, f admits a minimal relative Sullivan model 

9 : (A © AZ © AW, D) — > (B, d) 

such that D(Z © W) is in the ideal generated by K , W and the set {v a — a a }. 

We can now prove our main theorem. 

Theorem 4.4. Let f : A -» B be a surjective CDGA morphism with K denoting 
its kernel. If the projection 

Pm+1 : A -> A/K m+1 
admits an homotopy retraction then secato(f) < m. 

Proof. Fix to. We will prove that if p m admits homotopy retraction then also does 
the map 

©^ (A © AV © Ay) 
Pm 1 ^ ^ ©^ifer(h) • 

Denote by ir : A © I AV © AF ) — > A be the projection defined as follows. 
Write V — Z © W as in Lemma 1431 Then put tt(w) = tt(w) = 0, and for v a G 
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ir(v a ) — a a , n(v a ) — d(a a ) & K. Observe that ir is a quasi-isomorphism. 

Since Ker h is generated by the v a and the w — D(w), ir(Ker h) C K. We 
obtain the following commutative diagram where 7r is well defined. 




AV ®AV 



A®(AV®AVY 



A 



■ A/K r< 



®A ker O) 7f 

If p m admits homotopy retraction, Lemmas 13.21 and 13.31 tell us that also p m 
does. □ 

5. Applications 

Definition 5.1. Let / : A —> B a CDGA morphism. We say that / is formal 
when there is a commutative CDGA diagram 



A- 



f 



B 



(AV, d) 



(AW, d) 



HI A) > H(B) 

v i H{f} \ i 

A continuous map is said to be formal if it admits a formal CDGA model. 

For more on formal morphisms the reader is referred to 5 a and [11] . It is obvious 
from this definition that if / : A — > B is formal then both A and B are formal as 
well. 

Example 5.2. Let A be a formal CDGA , clearly the /^-multiplication morphism 
A® m — > A is formal morphism. Therefore, if X is formal, then the n-diagonal map 
A^- : X <-t X n is also formal. 

Theorem 5.3. Let f : A — > B be a formal morphism with H(f) surjective. Then 

secat(f) = nil(kerH(f)). 

Proof. By formality, secat(f) = secat(H (f)) . Write m := nil(kerH(f)), we must 
prove that secat(H(f)) < m but this is direct consequence of Theorem 14.41 and the 
fact that (KerH(f)) m+1 = {0}. □ 

The following definition was given by Y.B Rudyak in [8]. 

Definition 5.4. Let A be a topological space and A^- : X X n its n diagonal 
map. The n-topological complexity of X is the sectional category of the map A^, 
TC n (X) = secai(A™ ). 

Observe that the case n = 2 yields the well known topological complexity intro- 
duced by M. Farber in [2]. 
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Proposition 5.5. Let X be a formal space and denote u n : H*(X,<Q) (g ' n -» 
H*(X,Q) the n-multiplication of H*(X,Q). Then TC n (X ) = nil (Ker(u n )) ■ 

Proof. IfX is a formal space, ^ ^ formal map modelled by /i n . Since rationaliza- 
tion commutes with limits, we have that TC ra (Xo) = secat(A'^ g ) — secai((A^)o). 
The result follows from Theorem 15.31 □ 

Observe that in the case n = 2, last proposition is just the main result in [7]. 

We will often use the following two lemmas. 

Lemma 5.6. Let X be a subset of the CDGA A and L the ideal of A generated 
by X. Then nil L is the largest m for which there exist Xi,... ,x m € X such that 

Lemma 5.7. Let A be a CDGA such that A + is generated by {xi} ieI . Then 
K n , the kernel of the n-multiplication morphisms fi n : A® n — > A, is generated by 
{xij — Xi t % : i E L, 2 < j < n} where 

Xij = l®---®l®a; f ®l®---®le A®^ 1 ® A + ® A® n ~ 3 . 

Theorem 5.8. Let A be a CDGA and K n the kernel of the n-multiplication 
morphism A® n — > A. Then for n > 3, 

nil K n = nil K n -\ + nil A + . 

Proof. Write r = nil if n _i and s = nil A + . Consider uj ^ a product of 
r factors in K n -\ and a — a% ■ ■ ■ a s ^ with a,i G A + . Then the element 
(w <g> l)(oi,„ - ai,i) • • • (a,,„ - a s ,i) = (w ® a) + £ with £ e A® 11 ' 1 ® A <de ^ 
must be non-zero. This proves that nil K n > r + s. 

On the other hand, write m = nil K n . Then there exists w^Oa product of m 
factors in K n which can be written as 

cj= (P®1) • (x il>n -x iltl ) ni ■■■(x lun -x H . 1 ) nt , 

with P a product of factors in K n —\, < ni and the Xi j pairwise different. Then 

" = £«*® III 

\j=l J 

with £ = {(<7i, . . . , <r t ) : < <jj < n.j}. Chose a <E £ such that a CT ® fll* = i x ij,n) 
is non-zero and . o~j maximal. In this case, a j ^ n ^ ^ + an d 

Now decompose ajdi® ^®n-2 ag 
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with T,ueu w u ® w 'u ± 0, de 5 (w u ) = 1, w' u £ A® n ~ 2 , and p e A <1 ® A® n ~ 2 . 
Consider the clement 

j=l v 7 -?' ue!7 

with p' £ j4 <z ® j\® n ~ 2 . Note that /3 is a non-zero product of m — Cj factors in 
K n —\. This proves that nil K n — m < nil K n -\ + a j — n ^ Kn-i +nil A + . □ 

Corollary 5.9. Let X be a formal space, then for n > 3 

TC n (X ) = TC n -i(X ) + cat{X ) = TC(X ) + (n - 2)cat(X ). 

Example 5.10. Let X be the wedge (S 3 x S 3 ) V (S* 3 x S 3 ). Then TC(S' 3 x S 3 ) = 2 
but TC(X) = 4. 

The cohomology of X is A(x,y,z,t)/(xz,xt,yz,yt), with x,y,z,t in degree 3. 
Then writing a; - = ligta; — x(g>l and so on, we see that x~y~z~t~ = xy®zt+zt®xy. 
This shows that nil Ker /i2 = 4. 

More generally, let X and Y be formal spaces, then TC(X V Y) > cat(X) + 
cat(Y). 

Indeed, let w\ and W2 be monomials in H*(X) and H*(Y) of maximal length n 
and m, wi = ai ■ • ■ a n and u>2 = b\ ■ ■ ■ b m . Then the identity 

% • • ■ a~bi ■ ■ ■ b~ n = wi <£) W2 ± W2 <8> wi 

shows that TC(AT V F) > n + m. 

Theorem 5.11 ([6], Thm. 1.4). Suppose 7r*(JT) eg) Q is finite dimensional and 
concentrated in odd degrees. Then TC(X ) = cat(X ). 

Proof. By hypothesis a model of X has the form (A, d) = (A (x\, . . . , x r ) , d) with 
.Xi in odd degree. Then the kernel K of the multiplication A ® A — > is generated 
by the elements <g> 1 — 1 ® Xi. Since the square of these elements is zero, K r+1 = 0. 
This implies that cat{X ) < TC(X ) < r = cat{X ). □ 

It follows more generally 

Theorem 5.12. Zf7T*(X)(8)Q is finite dimensional and concentrated in odd degrees. 
Then TC n (X ) = (n - l)cat(X Q ). 

Proof. Let (A, d) — (A (x\ , . . . , x r ) , d) be a model of X with in odd degree. Then 

(A, d)® n = (A (#1,1, . . . , X r ,i,Xi,2, x 2 , r , ■ ■ • , x 1<n , x r , n ) , d) 
and X the kernel of the n multiplication is generated by the elements 

{xij — Xi.\ : l<i<r,2<j<n}. 
Since the square of these elements is zero, we have that K r{n ^ +l = 0. 

Now consider the following pullback diagram 
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PX >-x^ 

q p 

X 71 - 1 x * ^X n 

where p(u) = (w(Q), w(^rr), w(^=x), • ■ • , Since TC„pf) = secai(p) (see 

[5]), cai(X™ _1 ) = secat(q) and secat(q) < secat{p), we have 

TC„(X ) < r(n - 1) = cot^ -1 ) < TC„(X ). 

□ 

Acknowledgements. I would like to thank Y. Felix and A. Murillo for without them 
this paper would have never been written. 
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